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Abstract
When High Resolution (HR) is required, single-look processing of SAR images may be desirable. The multi-look G
distribution has been known to fit homogeneous to extremely heterogeneous data accurately. However, it does not reduce
to single-look form for PolSAR data. To eliminate this limitation, the new single-look polarimetric G distribution has been
proposed, which has single-look Kp and G0p distributions as its two special cases. The significance of this distribution
becomes evident as it fits X- & S-band sub-meter resolution (≈ 1m2) PolSAR data better than, and X-band decameter
resolution (≈ 10m2) PolSAR data as good as, the G0p & Kp distributions.
1 Introduction
SAR images have been consistently analysed using the
product model. This model suggests that the observed
speckle is composed of a product of two statistically in-
dependent random variables; the square root of a positive
random variable (scene backscattering intensity texture)X
and the speckle noise Y [1]. For polarimetric SAR, the
speckle noise is a p-dimensional vector Yp, where p = 3
for a mono-static SAR . For the mono-static case, the com-
plex observation can be represented as:
Zp =
[
Shh
√
2Shv Svv
]T (1)
where Shh, Shv, and Svv are the complex polarimetric
channels. In terms of the product model the p-dimensional
complex observation can be written as:
Zp =
√
XYp (2)
For homogeneous areas the texture random variable is con-
sidered a constant, while for heterogeneous areas it can
be modeled by some Probability Density Function (PDF).
The choice of PDF depends on the degree of heterogene-
ity of the image area, and various PDFs have thus been
proposed to model texture. These include Gamma, in-
verse Gaussian, Generalized inverse Gaussian (GIG), in-
verse Gamma, Beta, and Fisher distributions among oth-
ers [2–5]. When the texture variable is Gamma, reciprocal
of Gamma, Fisher distributed the observed signal follows
the K, G, Kummer-U distributions, respectively.
This paper deals only with the G family of distributions,
which are obtained by assuming a GIG distributed texture
[4, 5]. The complex-, amplitude-, and intensity-univariate
G distributions have been derived and analysed in [4]. The
polarimetric extension of the G distribution has been pre-
sented in [5] for multi-look PolSAR images. Unfortu-
nately, the mathematical basis on which the multi-look po-
larimetric G distribution has been derived does not reduce
to its single-look form. In this paper, the new single-look
polarimetric G distribution has been proposed to fill this
gap (the derivation has been omitted for succinctness and
further details will be provided at the conference). The
single-look polarimetricKp and G0p distributions, resulting
from Gamma and reciprocal of Gamma distributed texture,
are the two special forms of this distribution. They have
been listed in Table I in [6].
To demonstrate the usefulness of G distribution, G, G0p , &
Kp have been fitted to amplitude histograms of sub-meter
resolution X- & S-band PolSAR data, and also to decame-
ter resolution X-band PolSAR data for moderately hetero-
geneous areas. It must be noted that the sub-meter res-
olution X- & S-band data is of the same scene acquired
at the same time. Although G0p has been known to model
from homogeneous to extremely heterogeneous areas very
well [5], its fitting accuracy has been found to degrade for
sub-meter resolution data. Comparison shows that for both
frequency bands G distribution fits the histograms better
than both G0p & Kp distributions for sub-meter resolution
data. While it fits the histograms as good as the other
two for decameter resolution X-band moderately hetero-
geneous areas.
We will use the abbreviations VHR (Very High Resolution)
for sub-meter and HR for decameter resolution data. The
rest of the paper has been organized as follows: Section
2 presents the modeling of speckle noise (2.1), the limi-
tation of the multi-look model (2.2), the texture modeling
(2.3) and the mathematical form of single-look polarimet-
ric G distribution (2.4). Section 3 presents the application
of the proposed distribution to HR X-band and VHR X- &
S-band PolSAR data, and analyzes the results. And finally,
Section 4 summarizes the conclusions and future work.
2 Single-look Pol G Distribution
2.1 Modeling Speckle Noise
The speckle noise, Yp, is a p-tuple of complex random
variables following the zero mean complex Gaussian dis-
tribution [7]:
fYp(y) =
1
pip|C| exp
(−y∗tC−1y) (3)
where C is a p × p Hermitian covariance matrix given by
C = E[YpY∗tp ], ’y∗t’ represents the transposed complex
conjugate of y, and |.| is a symbol for calculating determi-
nant.
The speckle noise in SAR images can be reduced at the
expense of spatial resolution by multi-looking, which re-
quires averaging several independent 1-look images. The
n-look covariance matrix is given by:
Σˆy =
1
n
n∑
j=1
yjy
∗t
j (4)
The distribution of Σˆy is given by [7]:
fΣˆy (Σˆy) =
nnp|Σˆy|n−p exp
(
−nTr
(
C−1Σˆy
))
K(n, p)|C|n (5)
where K(n, p) = pip(p−1)/2
p∏
j=1
Γ(n− j + 1) (6)
K(n, p) is a scaling function and Tr(.) represents the ma-
trix trace.
2.2 Limitation of Multi-look Model
The multi-look multivariate distribution of covariance ma-
trix (5) does not reduce to the single-look (n = 1) multi-
variate case because of an inherent limitation present in the
scaling function K(n, p) (6):
K(n, p) → ∞, if n ≤ p− 1
⇒ fΣˆy (Σˆy) → 0 (7)
The distribution (5) goes to 0 if the number of looks (n) is
less than or equal to the dimension of the observation vec-
tor less one (p − 1). For single-look SAR data (n = 1),
and a mono-static SAR configuration (p = 3), n < p− 1,
which limits the use of (5) for modeling the speckle noise
of single-look multivariate PolSAR data. Therefore, the
speckle noise, Yp, has been modeled by the zero-mean
multivariate complex Gaussian distribution (3).
2.3 Generalized Inverse Gaussian Texture
GIG distribution, denoted as N−1(α, γ, λ), has been used
to model the intensity texture random variable, and is de-
fined as [8]:
fX(x) =
(λ/γ)α/2xα−1
2Kα(2
√
λγ)
exp
(
−γ
x
− λx
)
, x > 0 (8)
where Kν is the modified Bessel function of the second
kind and order ν, with the domain of its parameters given
by: 

γ > 0, λ ≥ 0 if α < 0
γ > 0, λ > 0 if α = 0
γ ≥ 0, λ > 0 if α > 0
(9)
2.4 Mathematical Form
In this section, the closed form of single-look polarimetric
G distribution has been listed. It is sufficient to state here
that the G distribution has been derived using the prod-
uct model (2), assuming GIG distributed texture (8) and
zero-mean multivariate complex Gaussian speckle noise
(3), further details will be provided at the conference. Its
mathematical form is given by:
fZp(z) =
λp/2(γ + q)(α−p)/2Kα−p
(
2
√
λ(γ + q)
)
γα/2pip|C|Kα
(
2
√
λγ
) (10)
where q = z∗tC−1z. Denoted by Gp(α, λ, γ,C), it is the
1 look counterpart of the multi-look G distribution given
in [5]. In order to derive its two special cases, the following
relations of modified Bessel functions are important [5]:
Kν(µ) = 2
ν−1Γ(ν)µ−ν , µ ≃ 0, ν > 0, (11)
Kν(µ) = K−ν(µ). (12)
The first case is obtained by assuming α > 0, λ > 0,
γ → 0 and also using (11) in (10):
fZp(z) =
2λ(α+p)/2q(α−p)/2Kα−p
(
2
√
λq
)
pip|C|Γ(α) (13)
which is the Kp distribution, denoted by Kp(α, λ,C) [6].
The second case is obtained by assuming α < 0, γ > 0,
λ→ 0, and also using (11), (12) in (10):
fZp(z) =
Γ(p− α)(γ + q)(α−p)
γαpip|C|Γ(−α) (14)
which is the G0p distribution, denoted by G0p(α, γ,C). Both
Kp & G0p have been recently listed in Table I in [6].
It has been noted that one of the desirable features of G0p
distribution is that it can be used to model from homoge-
neous to extremely heterogeneous clutter accurately. How-
ever, this paper shows the significance of the more general
G distribution as, for VHR PolSAR data, the G0p distribu-
tion poorly fits some areas whereas the G distribution fits
the data very accurately.
3 Application to PolSAR Data
The G, G0p , and Kp distributions have been applied to HR
X-band and also to VHR X- & S-band PolSAR datasets.
As mentioned earlier, the VHR dataset has acquired the
same scene at the same time in X- and S-bands. This is
very important as it suggests that all the imaging geome-
try parameters are the same for the VHR dataset and the
difference in the radar backscatter can be attributed only to
frequency change.
Numerical minimization of negative log likelihood, utiliz-
ing Matlab’s ’mle’ function, has been used for parameter
estimation. This method uses the Nealder-Mead Simplex
algorithm [9] (derivative-free) for nonlinear constrained
minimization. The Simplex algorithm has been proven to
converge in 1 and 2 dimensions for strictly convex func-
tions [9], however, its convergence in higher dimensions
is still an open question. It was observed, however, that
the MLE of even 3 parameters (3-dimensions) always con-
verged with sufficiently high tolerance of parameters and
likelihood function value (≈ 1e−09).
The HR X-band PolSAR dataset has been acquired by
DLR’s TerraSAR-X (TSX) in April, 2009 over Wallerfing,
Germany, at an incidence angle of approximately 32.68◦
and a spatial resolution of 1.17 m x 6.6 m (slant range x
azimuth) c©DLR (2010). On the other hand, the VHR res-
olution X- & S-band (9.65 & 3.2 GHz, respectively) Pol-
SAR data has been acquired in summer 2010 using As-
trium UK airborne SAR demonstrator over Baginton, Eng-
land. Also, both X- and S-bands have used the same band-
width (200 MHz) resulting in the same resolution, approx-
imately 0.835 m x 0.35 m (slant range x azimuth).
As the PDFs are multivariate, and it is hard to validate
them using multidimensional histograms, marginal ampli-
tude distributions for each polarimetric channel have been
used. The marginal amplitude distributions, fZA(z), of G,
G0p , & Kp can be obtained by first putting p = 1 in (10),
(13), & (14), respectively to get fZI (z) and then using the
transformation fZA(
√
z) = 2fZI (z)
√
z.
A detailed analysis of the fitting of marginal amplitude
distributions to histograms has been performed on homo-
geneous (fields), moderately heterogeneous (trees), and
extremely heterogeneous (urban) areas. However, only
the results of moderately heterogeneous areas have been
shown in this paper due to limited space, although remarks
have been made about other areas as well.
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Figure 1: Fitting of G, G0 and K to moderately heteroge-
neous areas (trees) for HR TerraSAR-X data.
Figure 1 shows the fitting of the marginal amplitude dis-
tributions to moderately heterogeneous area histograms of
the HR TSX data and each polarimetric channel. It is ev-
ident from the figure that the marginal G, G0, and K am-
plitude distributions fit the histograms equally well for all
polarimetric channels. Similar fitting to histograms were
observed also for homogeneous areas (fields). However,
as expected, the G, G0 fitted the extremely heterogeneous
areas (urban) equally well, while the K distribution failed.
0.2 0.4 0.6 0.8 1  1.2 1.4 1.6 1.8
0    
0.002
0.004
0.006
0.008
0.01 
0.012
0.014
0.016
Pb
 
 
HH
G: α = 0.5344,λ = 0.7874,γ = 0.0736
G0: α =−1.5903,γ = 0.6985
K: α = 1.1734,λ = 1.2402
0.2 0.4 0.6 0.8 1  1.2 1.4
0    
0.002
0.004
0.006
0.008
0.01 
0.012
0.014
0.016
Pb
 
 
HV
G: α = 1.1088,λ = 1.5321,γ = 0.0843
G0: α =−2.2769,γ = 1.1576
K: α = 1.6673,λ = 1.9559
0.2 0.4 0.6 0.8 1  1.2 1.4 1.6 1.8
0    
0.002
0.004
0.006
0.008
0.01 
0.012
0.014
0.016
0.018
0.02 
Amplitude
Pb
 
 
VV
G: α = 0.6366,λ = 0.8469,γ = 0.0554
G0: α =−1.5695,γ = 0.6826
K: α = 1.1708,λ = 1.2428
Figure 2: Fitting of G, G0 and K to moderately heteroge-
neous areas for VHR X-Band data.
Figure 2 shows the fitting of the marginal amplitude dis-
tribution to moderately heterogeneous area histograms of
VHR X-band data, separately for each channel. Even a
cursory look shows that the marginal G distribution fits the
data better than G0 & K at both the peak and tail of the
distribution for each channel. Figure 3 shows the fittings
to the same moderately heterogeneous area histograms of
VHR S-band data. For S-band the deviation of G0 &K dis-
tributions from the histograms is even more pronounced,
whereas the G distributions fits very accurately. Similar
analysis has also been performed on homogeneous and ex-
tremely heterogeneous areas for both VHR X- & S-band
data. It has been observed that for homogeneous areas all
the three distributions fit equally well for X-band, while for
S-band K fits only slightly worse. For VHR X- & S-band
extremely heterogeneous areas G & G0 perform equally
good except the S-band HV channel where G fits slightly
better than G0, while K, as expected, fits poorly.
4 Conclusions and Future Work
In this paper the new single-look polarimetric G distri-
bution has been proposed. This distribution arises as the
multi-look G distribution does not reduce to its single-look
form for PolSAR data. The single-lookKp and G0p are spe-
cial forms of this distribution. The G distribution is useful
when single-look data has to be processed, and its utility
becomes evident as it fits HR X-band data as good as, and
VHR X- & S-band data better than G0 & K. Although
the proposed distribution is computationally expensive as
it has three parameters, it out performs the fitting accuracy
of G0p & Kp. With the advent of VHR PolSAR sensors,
the superior fitting accuracy of the G distribution will con-
tribute towards improved results in classification, segmen-
tation, and feature extraction. Currently, the validation of
parameter estimates for multivariate data is under develop-
ment using the naïve Bayesian classifier.
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Figure 3: Fitting of G, G0 and K to moderately heteroge-
neous areas for VHR S-Band data.
